We consider noncommutative two-dimensional quantum harmonic oscillators and extend them to the case of twisted algebra. We obtained modified raising and lowering operators. Also we study statistical mechanics and thermodynamics and calculated partition function which yields the free energy of the system.
Introduction
It is believed from quantum gravity theories that space time must change its nature at distances comparable to the Planck scale. It is well known also that Einstein's theory of gravity, that is, general relativity, cannot be consistently quantized with the rules developed in the framework of quantum field theory. Using perturbation theory around a flat metric, the ultraviolet divergences require infinitely many counterterms. Quantum gravity has an uncertainty principle which prevents one from measuring positions to better accuracies than the Planck length [1] and nonvanishing commutation relation between the space-time coordinates is the model for these effects [2] . Noncommutative geometry is indeed a branch of mathematics concerned with a geometric approach to noncommutative algebras and with the construction of spaces that are locally presented by noncommutative algebras of functions. It is pointed out by Heisenberg that the physical quantities are governed by noncommutative algebra.
The quantum system thus described is much simpler and more rigid than its classical analogue. One thus obtains a nonnegligible payoff for abandoning the commutativity of classical mechanics. Though less intuitive, quantum mechanics is more directly accessible by virtue of its simplicity and its contact with spectroscopy.
In the recent work [3] a model of noncommutative quantum mechanics given by two harmonic oscillators over a noncommutative two-dimensional configuration space has been studied. Usually the noncommutative version of the two-dimensional quantum mechanics is characterized by the following relation:
where ] stands for the constant antisymmetric matrix. However, for the twisted algebra the antisymmetric matrix ] is no longer constant and depends on coordinates.
In this work we would like to consider two-dimensional quantum harmonic oscillators with the twisted conformal algebra [4, 5] and extend [3] . First of all we recall a wellknown system of quantum harmonic oscillators and then introduce ordinary and twisted conformal algebra. In that case we can construct noncommutative version of twodimensional oscillators. We will use results to study statistical mechanics and thermodynamics of the noncommutative quantum harmonic oscillators in two dimensions with twisted relation.
Quantum Harmonic Oscillator
The system of quantum harmonic oscillators [6] is one of the important systems in quantum mechanics, as it is both one 2 Advances in Mathematical Physics of the few problems that can really be solved in closed form and a very generally useful solution, both in approximations and in exact solutions of various problems. The quantum harmonic oscillator is described by the following Hamiltonian operator:
The Schrodinger equation corresponding to harmonic oscillators is written in the following form:
where we assumed ℏ = 1. Equation (3) yields the following wave function:
where is Hermite polynomials. The Hamiltonian (2) may be rewritten in terms of the following raising and lowering operators:
with |0⟩ = 0 and † |0⟩ = 0. In this paper we would like to extend the above formulations of two-dimensional quantum harmonic oscillators to the case of noncommutative version with twisted algebra. Therefore we introduce twisted conformal algebra in the next section.
Twisted Conformal Algebra
In the ordinary conformal algebra, we have the following operators:
which is generator of translation,
which is generator of rotation,
which is generator of scale translation, and
which is generator of special translation. Generally one can write that total vector field includes the above operators as
where ] is antisymmetric tensor, and are constant vectors, and is a constant.
In order to rewrite the above operators and conformal algebra in noncommutative space we introduce the following noncommutative relation between coordinates [7] [8] [9] :
where the fundamental mass parameter has been introduced in order to exhibit the mass dimensions of the respective terms and has the constant tensors
] , and
as dimensionless. In that case we have the following extended expressions:
where
So, at the ] → 0 limit, we have ordinary theory. We can see that the momentum operator is invariant and keeps its shape in noncommutative space. Therefore, we can rewrite conformal algebra in terms of the new coordinates as follows:
We can see that (14), (15), and (16), which consist of Poincare group, saved their shape and are invariant. The first effect of the noncommutative parameter is presented in (17) . Surprisingly,̂does not commute with itself. It means that scale translation changes its nature in noncommutative space. The same result is obtained for special translation generator (see (23)). In a quantum mechanics point of view we can say that thêand̂are not simultaneously observable in noncommutative space. 
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Noncommutative Two-Dimensional Oscillators
Noncommutative version of the Hamiltonian (2) is given by
which may be rewritten in terms of raising and lowering operators as follows:
where we considered two-dimensional oscillators. Ladder operators of (25) are given bŷ
as lowering operators, and
as raising operators, where
In order to write relation (28), we assume infinitesimal noncommutativity parameter and neglect 2 . One can check that these results yield the results of [2] in the
= 0 limits. The parameters ± and ± in the ordinary noncommutative version [2] are constant. We can see that these parameters are no longer constant in the twisted version and they depend on coordinates.
Effect of lowering operators on the ground states is similar to the ordinary noncommutative version;̂1|0, 0⟩ = 2 |0, 0⟩ = 0 and̂ † 1̂1 |0, 0⟩ =̂ † 2̂2 |0, 0⟩ = 0.
These will be useful in the context of factorization method [10] . In the next section we write partition function of this system with twisted transformation.
Statistical Mechanics and Thermodynamics
In this section we briefly study statistical mechanics and thermodynamics of the noncommutative quantum harmonic oscillators in two dimensions with twisted relation (11) .
By using the results of [11] we write down the partition function of this system:
where denotes temperature and
We can see that opposite of ordinary version is no longer constant and varies with noncommutative coordinates. In the limit of → 0 where noncommutativity vanished one can reproduce the partition function of ordinary quantum harmonic oscillators,
which yields = (2 / ) 2 at the classical limit. By using the partition function one can obtain Helmholtz free energy as follows:
Then, one can obtain other thermodynamic quantities such as the entropy:
It is easy to find effect of noncommutative parameter on thermodynamical quantities. It is illustrated by the plots of Figure 1 . We find that the noncommutative parameter increases the value of the free energy. However the low temperature limit of the theory needs vanishing noncommutativity. It means that the noncommutativity is valid only at finite temperature. The same interpretation exists for the entropy; the only difference is that the entropy is a decreasing function of the noncommutative parameter.
Conclusion
In this work we considered a system of quantum harmonic oscillators in noncommutative space with twisted conformal transformation and studied statistical mechanics and thermodynamics. We generalized recent work [3] to the case of twisted noncommutative relation. It has been shown that̂and̂do not commute with themselves. It means that scale and special translation change their nature in noncommutative space. We found that higher order noncommutative parameters modified ladder operators and the Hamiltonian. Then, we obtained partition function, entropy, and Helmholtz free energy. In that case one can obtain other thermodynamic quantities such as entropy. We found that the free energy is an increasing function of noncommutative parameter while the entropy is a decreasing function of noncommutative parameter. Also we found that the effect of noncommutativity is at finite temperature.
